Abstract. The main purpose of this paper is to investigate additive mapping D : R -> R, where R is a (m + n + 1)! and |m 2 4-n 2 -m -n -4mn|-torsion free semiprime ring with the identity element, satisfying the relation 2D{x
Throughout this paper, R will represent an associative ring. We denote by Z(R) the center of R. A ring R is n-torsion free, where n > 1 is an integer, in case nx = 0, x € R implies x = 0. As usual the commutator xy -yx will be denoted by [x,y] . We shall use basic commutator identities 
: R -• R is called a derivation if D(xy) -D(x)y+xD(y) holds for all pairs x,y € R and is called a Jordan derivation in case D(x 2 ) = D(x)x + xD(x)
is fulfilled for all x G R. Every derivation is a Jordan derivation. The converse is in general not true. A classical result of Herstein [4] asserts that any Jordan derivation on 2-torsion free prime ring is a derivation (see [1] for an alternative proof). Cusack [3] has generalized Herstein's theorem on 2-torsion free semiprime ring (see also [2] for an alternative proof). A mapping F of a ring R into itself is called commuting (centralizing
) holds for all x € R. The theory of commuting and centralizing mappings was initiated by a result of Posner [6] (Posner's second theorem), which states that the existence of a nonzero centralizing derivation D : R -» R, where R is a prime ring, forces the ring to be commutative.
Posner's second theorem cannot be generalized to semiprime rings as is shown by the following example. Take Ri to be a noncommutative prime ring and let R2 be a commutative prime ring that admits a nonzero derivation d : i?2 -^2-Then R = Ri © R2 is a noncommutative semiprime ring and the mapping D : R -» R, D(r\,r2) = (0, d(r2)) is a nonzero derivation which maps R into Z(R). Banach algebras considered in this paper are over the complex field. Vukman [10] has proved the following result. Let us point out that any commuting derivation on an arbitrary ring satisfies the relation D(x 3 ) = 3xD(x)x. Theorem A was the motivation for the result bellow.
-m-n-&mn ^ 0 be integers and let R be a (m + n + 1)! and |m 2 + n 2 -m -n -4mn\-torsion free semiprime ring with the identity element. Suppose there exists an additive mapping D : R -> R satisfying the relation
for
all x € R. In this case D is a derivation which maps R into Z(R). In case R is a noncommutative prime ring we have D = 0.
Proof. From the relation
it follows immediately that D(e) = 0, where e denotes the identity element. Putting x + c for x in the above relation, where c is any element of the center
We adopt the convention that x° = e for all x € R. Using (1) and rearranging the equation (2) where fo c) stands for the expression of terms involving i factors of c. We replace c by e, 2e, 3e, , (m + n) e in turn in the equation (3) . Expressing the resulting system of m+n homogeneous equations, we see that the coefficient matrix of the system is a van der Monde matrix
Since any prime factor of this determinant is also a factor of (m + n+1)! it follows that the system has only the trivial solution.
In particular, 
respectively. The relation (4) means that D is a Jordan derivation. We know that any Jordan derivation on a 2-torsion free semiprime ring is a derivation. Since D is a derivation, one can replace
. We obtain after some calculation
where k(m, n) stands for m 2 + n 2 -m -n -4mn. Since we have assumed that k(m, n) ^ 0 and that R is \k(m, n)|-torsion free the above relation turns into
which can be written in the form
We have therefore a derivation D satisfying the relation (6) whence it follows (7) [D (x), x] = 0, for all x € R according to Theorem 1 in [11] . In other words, D is commuting on R. It is well-known that commuting derivation on a semiprime ring maps the ring into its center but we will proceed the proof for the sake of completeness. The linearization of the above relation gives (8) [
D(x),y] + [D(y),x] = 0, x,y G R.
The substitution xy for y in (8) gives according to (7) and (8) Substitution yz for 2 in the above relation gives
Putting in. the above relation first zy for y then multiplying the relation (10) from the left side by 2 and subtracting the relations so obtained one from another we obtain
whence it follows [.D(x),z] = 0, for all pairs x,z E R. In other words, D maps R into Z(R). In case R is a noncommutative prime ring Posner's second theorem completes the proof of the theorem.
•
We proceed with our second result. Proof. Since semisimple Banach algebra is semiprime one can conclude from Theorem 1 that D is a derivation which maps A into Z(A). Johnson and Sinclair [5] proved that any linear derivation on semisimple Banach algebra is continuous. Sinclair [8] proved that every continuous linear derivation of a Banach algebra A leaves the primitive ideals of A invariant. Since D leaves all primitive ideals invariant, one can introduce for any primitive ideal P C A a derivation Dp : A/P -> A/P, where A/P is the factor algebra, by Dp(x) = D(x), x = x + P. It is well-known and easy to see that commutative primitive complex Banach algebra is isomorphic to the complex field. Therefore, since A/P is primitive, we have in case A/P is commutative, Dp = 0. It remains to prove that Dp = 0 also in case A/P is noncommutative. Now we have a derivation Dp on prime algebra A/P satisfying the relation [Dp(£), y] = 0 for all x, y € A/P. According to Posner's second theorem it follows that Dp = 0. Hence, in any case Dp -0. In other words, D(x) is in the intersection of all primitive ideals of A for any x € A. Since the intersection of all primitive ideals is the radical and A is semisimple the proof of the theorem is complete.
As we have mentioned above Johnson and Sinclair proved that any linear derivation on semisimple Banach algebra is continuous. Combining this result with Singer-Wermer theorem [7] , which states that a continuous linear derivation on a commutative Banach algebra maps the algebra into its radical, one obtains that there are no nonzero linear derivations on commutative semisimple Banach algebras. Let us point out that the result we have just mentioned is as an immediate consequence of a generalization of Singer-Wermer theorem due to Thomas [9] , which states that any linear derivation on a commutative Banach algebra maps the algebra into its radical. The question arises under what additional assumptions a linear mapping on a semisimple Banach algebra is zero. Theorem 2 can be considered as an answer to this question.
